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a) Give the definitions of strictly stationary (5®*F-f&) time series and weakly stationary

(55°F%2) time series. Why the stationary condition is important?
b) Give the definition of an integrated autoregressive moving average model (ARIMA). What
are the sufficient and necessary conditions for an ARIMA model to be causal and invertible?
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Consider the random walk with drift model, x; = d + x,_7 + wy, t = 1,2,..., with xg = 0, where w, is white

2

noise with mean zero and constant variance o7,.
a) Show that the model can be written as x; = td + 221 w; ;
b) What are the mean function and auto-covariance function of x,? Is x; stationary?;

) . =7
c) Show the auto-correlation function p,(t— 7, t) = \/—t - J,ast— .

d) Suggest a transform to make x; stationary.
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Suppose x; follows an ARMA(1,1) model with zero mean, x; = ¢x;_; +Ow, ; + w,
a) Obtain the auto-covariance function and auto-correlation function of x; ;

b) What is the stationary solution of the (causal) ARMA(1,1) model? Obtain the coefficients for

Wiy kK=012,...inthe stationary solution.
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a) Describe the steps for fitting an appropriate ARIMA model to a time series;
b) For a general stationary time series x; with mean zero, derive the prediction equations
for obtaining the best (minimum-mean-squared-error) linear predictor of x,., based onn

observations, {x; x5, ..., X,}.
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Consider an AR(1) model, x;—p = ¢(x,_;—u) + w; , where p is a constant mean and w; is

Gaussian white noise with mean zero and variance oﬁ,. Suppose we observe xj, Xy, ..., x, from

the x; series.

a) Show the Yule-Walker equations for estimating ¢ and oﬁ,. Obtain the corresponding estimate
(5E4571) for ¢pbased on n observations;

b) Show the (Gaussian) conditional log-likelihood function (Z5 1% HALISR pE %0 given x; for

parameter estimation. Obtain the estimate of ¢ based on the conditional log-likelihood function.
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Given data x;, x5, ..., x, with aconstant mean p, define the discrete Fourier transform for a given

ﬁ'equency W d(w/) = n_1/2 Z?z.l Xte—Zniw/-t‘ R where i = '\/—_1, UJ/-:,%, and j:0, 1,2,..n-1.

a) What is the definition of periodogram, I(w;)? How to interpret it?

b) Show that for j # O,

n—1

Ifuw;) = Z ¥(h) exp(—2miw;h)
h=—(n—1)

where 7(7) s the sample auto-covariance function. What is the implication of b) for explaining

the periodogram |(w))?




