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� © �!(15©) �Ñ¼êf(x, y) =
ex

cos y
3(0, 0):�C����VÐmª.

)

ex

cos y

=
1 + x+ x2

2
+ o(x2)

1− y2

2
+ o(y2)

=

(
1 + x+

x2

2
+ o(x2)

)(
1 +

y2

2
+ o(y2)

)
= 1 + x+

1

2
x2 +

1

2
y2 + o(x2 + y2).

�

,) éf(x, y) =
ex

cos y
¦ �§�f ′x =

ex

cos y
, f ′y =

ex sin y

cos2 y
, f ′′xx =

ex

cos y
, f ′′xy = f ′′yx =

ex sin y

cos2 y
, f ′′yy =

2ex sin2 y

cos3 y
+

ex

cos y
. dd�f(0, 0) = 1, f ′x(0, 0) = 1, f ′y(0, 0) = 0, f ′′xx(0, 0) = 1, f ′′xy(0, 0) = f ′′yx(0, 0) = 0,

f ′′yy(0, 0) = 1. Ïdk
ex

cos y
= 1 + x+

1

2
x2 +

1

2
y2 + o(x2 + y2).

�

1 1 � � 6 �



ên�Æ��êâ��)2020 — 2021Æc1�ÆÏ/êÆ©ÛII0��3Áò

ú v «
� © �!(30©) ¦e����êÚ �ê.

(1) �f(x, y) = ln(ex + 2ey),
→
l= (cos θ, sin θ), Ù¥θ ∈ [0, 2π), ¦

∂f

∂
→
l

(0, 0);

(2) �z�d�§z3 − xz − y = 0(½�x, y�Û¼ê§¦z′′xy.

) (1) d
∂f

∂x
=

ex

ex + 2ey
Ú
∂f

∂y
=

2ey

ex + 2ey
Ñ3R2þëY�f(x, y)3R2þëY��. u´k

∂f

∂
→
l

(0, 0) = 〈∇f(0, 0),
→
l 〉 =

〈(
1

3
,
2

3

)
, (cos θ, sin θ)

〉
=

1

3
cos θ +

2

3
sin θ.

(2) �§z3 − xz − y = 0ü>éx¦�§�3z2z′x − z − xz′x = 0, )�

z′x =
z

3z2 − x
.

þªü>éy¦�§�

z′′xy =
z′y(3z

2 − x)− z · 6zz′y
(3z2 − x)2

= −
(3z2 + x)z′y
(3z2 − x)2

.

�§z3 − xz − y = 0ü>éy¦�§�3z2z′y − xz′y − 1 = 0, )�

z′y =
1

3z2 − x
.

u´k

z′′xy = − 3z2 + x

(3z2 − x)3
.
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� © n!(15©) 3­�x = cos t, y = sin t, z = etþ¦�:§¦�T­�3d:���²1u²

¡
√

3x+ y − 4 = 0.

) 3:(cos t, sin t, et)?§­�x = cos t, y = sin t, z = et���þ´(− sin t, cos t, et),²¡
√

3x+y−4 = 0�
{�þ´(

√
3, 1, 0). ��²1u²¡��=�ùü��þ��§u´k

−
√

3 sin t+ cos t = 0.

Ï�

−
√

3 sin t+ cos t = −2
(

sin t cos
π

6
− cos t sin

π

6

)
= −2 sin

(
t− π

6

)
,

¤±d−
√

3 sin t+ cos t = 0)�t = kπ +
π

6
, éA��:�(

(−1)k
√

3

2
, (−1)k

1

2
, ekπ+π

6

)
,

Ù¥k ∈ Z. �

1 3 � � 6 �



ên�Æ��êâ��)2020 — 2021Æc1�ÆÏ/êÆ©ÛII0��3Áò

ú v «
� © o!(15©) ¦¼êf(x, y, z) = xyz3^�x+ y + z = 0, x2 + y2 + z2 = 1e�4�.

) d.�KF¦f{§)�§|



yz + 2λx+ µ = 0,

xz + 2λy + µ = 0,

xy + 2λz + µ = 0,

x2 + y2 + z2 = 1,

x+ y + z = 0.

dcn��§§�âàg�5�§|k�")

�¿�^��

∣∣∣∣∣∣∣
yz x 1

xz y 1

xy z 1

∣∣∣∣∣∣∣ = 0, �(x − y)(y − z)(z − x) = 0, l
x = y½y = z½z = x. 2(Ü�ü

��§)�^��.:
(
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6
, 1√

6
,− 2√

6
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)
,
(
− 2√

6
, 1√

6
, 1√

6

)
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)
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6
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6
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6

)
.

Ï��S: x + y + z = 0, x2 + y2 + z2 = 1´k.48§¤±f(x, y, z)3�å^�Se�����Ú
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� © Ê!(15©) �n�¼êf(X)3X0 ∈ Rn�����S¤k�� �êÑëY, �∇f(X0) = 0,

f(X)3X0�çlÝ
Hf (X0)��½Ý
. y²µ�3δ > 0Úλ > 0, ¦��∆X ∈ Rn�0 <
|∆X| < δ�§Òkf(X0 + ∆X)− f(X0) > λ|∆X|2.

y d∇f(X0) = 0�X0´f(X)��.:, �k

f(X0 + ∆X) = f(X0) +
1

2
∆X ·Hf (X0) ·∆XT + o (|∆X|2),

Ù¥∆X ∈ Rn.
Ï�Hf (X0) > 0, ¤±�3~êc > 0¦�

∆X ·Hf (X0) ·∆XT > c|∆X|2, ∀∆X ∈ Rn.

¯¢þ, ��|∆X| 6= 0. PSn−1 = {X ∈ Rn| |X| = 1}, §´Rn¥�ü ¥¡, ù´��k.48l
�;
8, 3Ùþ½Â�¼ê

g(X) = X ·Hf (X0) ·XT , X ∈ Sn−1

´ëY¼ê, l
k���c > 0, �X = 1
|∆X|∆X ∈ S

n−1, ��¤��(Ø.

du

lim
|∆X|→0

o (|∆X|2)

|∆X|2
= 0,

l
�3δ > 0, ¦�

|o (|∆X|2)| < c

4
|∆X|2, ∆X ∈ Rn, |∆X| < δ.

�λ =
c

4
> 0, K�∆X ∈ Rn�0 < |∆X| < δ�§Òk

f(X0 + ∆X)− f(X0)

=
1

2
∆X ·Hf (X0) ·∆XT + o (|∆X|2)

>
c

2
|∆X|2 − c

4
|∆X|2

=
c

4
|∆X|2

= λ|∆X|2.
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� © 8!(10©) �D´Rn¥�àm«�§F : D → Rn´��N�§é?¿X ∈ D, ä�'Ý


JF (X)Ñ´�½Ý
§y²µF´ü�.

y �y. eFØ´ü�§K�3X0 ∈ D, X1 ∈ D, X0 6= X1, ¦�F (X0) = F (X1). dD´Rn¥�àm«�
�±X0, X1�à:��ã3D¥. ±X0, X1�à:��ã�L«�

X = (1− t)X0 + tX1, t ∈ [0, 1].

-
ϕ(t) = 〈X1 −X0, F ((1− t)X0 + tX1)〉, t ∈ [0, 1],

Kϕ(t)3[0, 1]��§
ϕ(0) = 〈X1 −X0, F (X0)〉 = 〈X1 −X0, F (X1)〉 = ϕ(1).

�âÛ�½n��3t0 ∈ (0, 1), ¦�ϕ′(t0) = 0. Pξ = (1− t0)X0 + t0X1, K

ϕ′(t0) = (X1 −X0) · JF (ξ) · (X1 −X0)T .

Ï�ä�'Ý
JF (ξ)´�½Ý
§X1 −X0 6= O, ¤±

(X1 −X0) · JF (ξ) · (X1 −X0)T > 0,

ù�ϕ′(t0) = 0gñ! �
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